Abstract. Given an algebraic torus action on a normal projective variety with finitely generated total coordinate ring, we study the GIT-equivalence for not necessarily ample linearized divisors, and we provide a combinatorial description of the partially ordered set of GIT-equivalence classes. As an application, we extend in the Q-factorial case a basic feature of the collection of ample GIT-classes to the partially ordered collection of maximal subsets with a quasiprojective quotient: for any two members there is at most one minimal member comprising both of them. Moreover, we demonstrate in an example, how our theory can be applied for a systematic treatment of "exotic projective orbit spaces", i.e., projective geometric quotients that do not arise from any linearized ample divisor.
Introduction
The approach to moduli spaces, e.g., for curves of fixed genus, presented by D. Mumford in his Geometric Invariant Theory [17] relies on his construction of quotients for actions of reductive groups G on algebraic varieties X. He introduces the notion of a G-linearized line bundle on X, and to any such bundle L he associates a G-invariant open set X ss (L) ⊂ X of semistable points. This set admits a so-called good quotient X ss (L) → X ss (L)/ /G with a quasiprojective quotient space. Mumford's construction, however, is in general not unique: his "GIT-quotients" turn out to depend essentially on the choice of the bundle and the linearization. Therefore, it is a natural desire to describe the collection of all possible GITquotients for a given reductive group action. For "ample GIT-quotients", i.e., those arising from linearized ample line bundles, this problem has meanwhile been studied by several authors, see [8] , [10] , [22] , and, finally, [19] .
A first basic step in the study of ample GIT-quotients is to show that there are only finitely many of them, see [10] , [22] , [5] , and [20] . Then the subject becomes combinatorial. The situation is described by sort of a fan subdividing the so-called (open) G-ample cone: the cones of this fan correspond to the ample GIT-quotients, and the face relations reflect in an order reversing manner the set theoretical inclusion of the respective sets of semistable points, see [19] .
However, there are interesting examples of projective GIT-quotients that do not arise from linearized ample bundles, see [6] . Motivated by this observation, we study here the situation beyond the G-ample cone, and we propose a combinatorial framework for the description of the phenomena occuring there. We restrict to the case of a torus action. On the one hand, concerning variation of GIT-quotients, this case is the most vivid one, and, on the other, it allows an elementary treatment.
Inside the T -ample cone, the GIT-bags coincide with the cones of the fan subdivision defined by the GIT-chambers of [10] and [19] . But outside the T -ample cone not much is left from the fan properties; for example, overlappings are possible, see Section 6. Nevertheless, the GIT-bags allow to formulate answers to several questions.
For example, motivated by [5] , we study qp-maximal T -sets. These are Tinvariant open subsets U ⊂ X admitting a good quotient U → U/ /T with a quasiprojective quotient space U/ /T that do not occur as a saturated subset w.r. to the quotient map of a properly larger U ′ ⊂ X with the same properties. Any qp-maximal set is a set of semistable points of a linearized Weil divisor, and in terms of GIT-bags, qp-maximality is characterized as follows, see Corollary 4.5:
Theorem. A GIT-bag describes a qp-maximal T -set if and only if its relative interior is set theoretically minimal in the collection of the relative interiors of all GIT-bags.
Using this characterization, one can easily produce examples of qp-maximal Tsets having a non-complete quotient space, see Example 6.3. It can as well be described in terms of GIT-bags, when a quotient space is projective, see Proposition 4.6, and there is a simple criterion to figure out the ample GIT-quotients, see Proposition 4.7. These two criteria are useful to discuss an "exotic orbit space" presented in [6] , see Example 6.2.
For the case of a Q-factorial variety X, the combinatorial description of the collection of qp-maximal T -sets allows to extend a basic statement from the ample theory: there, one obtains as a consequence of the fan structure that any two sets of semistable points arising from ample bundles admit at most one minimal such set comprising both of them. We show the following, see Corollary 5.2. 
Good quotients
In this section, we recall the notion of a good quotient, and we provide the basic facts on this concept. Moreover, we briefly recall from [13] a generalization of Mumford's construction of good quotients, using Weil divisors instead of line bundles. Finally, we introduce the group of isomorphism classes of linearized Weil divisors and the GIT-equivalence.
We work over an algebraically closed field K of characteristic zero, the word variety refers to a reduced scheme of finite type over K, and by a point we always mean a closed point. When we speak of an action of an algebraic group G on a variety X, we tacitly assume that this action is given by a morphism G × X → X; we then also speak of the G-variety X. The definition of a good quotient was formulated by Seshadri [21] , but, implicitly, the concept occured already in Mumford's book [17] . Note that good quotients are obtained by glueing classical Invariant Theory quotients X → Y of affine Gvarieties X, that means that Y := Spec(Γ(X, O) G ) holds. Here comes a list of basic properties, see for example [21] : The last property implies that a good quotient for a G-variety is basically unique, provided it exists. This justifies the notations X → X/ /G for a good quotient, and X → X/G for a geometric quotient. In general, a G-variety X need not admit a good quotient, but it may have many G-invariant open subsets U ⊂ X with a good quotient U → U/ /G. For the study of such subsets, the following concept is crucial, compare [5] .
where G·x denotes the orbit closure taken in X.
Usually, one compares invariant open subsets V ⊂ U of a G-variety X, that means that one asks if V is G-saturated in the G-variety U . If G is reductive linear algebraic, and there is a good quotient π : U → U/ /G, then, by Property 1.2 (ii), the set V is G-saturated in U if and only if V = π −1 (π(V )) holds. In that case, π(V ) is open in U/ /G, and the restriction π| V : V → π(V ) is a good quotient.
We now recall the construction of good quotients given in [13] . It extends Mumford's construction by taking Weil divisors instead of line bundles. The advantage of this approach is that it provides also in the singular (normal) case basically all good quotients with a quasiprojective quotient. We should note that we present here a slightly modified version, allowing also nontrivial linearizations of the trivial divisor D = 0. However, on the results and their proofs, this has no impact.
Let X be a normal G-variety, where G is a reductive linear algebraic group. To any Weil divisor D on X, we associate a sheaf of O X -algebras, and consider the corresponding relative spectrum with its canonical morphism:
The Z ≥0 -grading of the sheaf of algebras A defines an action of the multiplicative group
, and the canonical morphism q D : X(D) → X is a good quotient for this action.
Note that near singular points of X, the scheme X(D) need a priori not be of finite type over X; however, we need not care to much about this difficulty, because in the situation we are interested in, it does not occur by assumption. Similarly to [13] , we define:
Any G-linearization of the divisor D gives rise to a rational G-representation on the global sections respecting the Z ≥0 -grading, namely
Similarly to [13] , we now introduce a notion of semistability. As usual, we denote for a section f ∈ Γ(X, O(D)) of a Weil divisor its set of zeroes as
We call a point x ∈ X semistable with respect to this linearization, if there are an n ∈ Z >0 and a section f ∈ Γ(X, O(nD)) such that X \ Z(f ) is an affine neighbourhood of x and f is invariant under the G-representation on Γ(X(D), O).
We denote the set of semistable points of a G-linearized Weil divisor D by X ss (D), or by X ss (D, G) if we want to specify the group G. From [13] we infer the basic features of this construction: Proposition 1.6. Let G be a reductive linear algebraic group and let X be a normal G-variety.
(
In the literature, one often introduces a G-linearization of a line bundle L → X over a G-variety more geometrically as a fibrewise linear lifting of the G-action to the total space L, see e.g. [16] . Here comes the relation to our definition:
This action makes the projection equivariant, and it induces the so called "dual representation" of G on the space Γ(X, L) of global sections:
With respect to this representation, the isomorphism Γ(X, L) → Γ(X(D), O) 1 mentioned before becomes an isomorphism of G-modules.
We conclude the section with a few words about the passage to divisor classes. For any G-variety X, there is the notion of the group Pic G (X) of isomorphism classes of G-linearized line bundles over X. Let us show how this concept can be extended to Weil divisors.
First of all, we have to prepare the definition of the G-linearized sum of two Glinearized Weil divisors D 1 and D 2 on a normal G-variety X. For this, we consider the following sheaf of bigraded O X -algebras and its relative spectrum:
Note that X(D 1 , D 2 ) comes with an action of the torus T 2 := K * × K * defined by the bigrading of B. Moreover, we have canonical morphisms
arising from the inclusions of sheaves
These morphisms determine a morphism ϕ :
to the fibre product, which also comes with a canonical T 2 -action and the diagonal G-action. Here are the basic properties of this setting. 
Moreover, as this is a bigraded homomorphism, we can conclude that ϕ is T 2 -equivariant. The fact that ϕ is an isomorphism over the G-invariant set X reg ⊂ X, allows us to shift the diagonal G-action on the fibre product over X reg to a morphical action α :
D1,D2 (X reg ). Our task is to extend this action to the whole X(D 1 , D 2 ). This is done via extending the corresponding comorphisms. Let β : G×X → X denote the action on X. Then, by G-equivariance, we obtain a commutative diagram
for any affine open subset U ⊂ X. As one easily verifies, the lower rows of these diagrams are the comorphisms of a G-action on X(D 1 , D 2 ). By construction, this extension has the desired properties. So, the first part of the lemma is proved. To see the second part, consider the antidiagonal K * -action on X(D 1 , D 2 ) defined by the homomorphism of tori K * → T 2 sending t to (t, t −1 ). This action admits a good quotient, namely the morphism
Since the antidiagonal K * -action and the G-action on X(D 1 , D 2 ) commute, the Gaction descends to an action on the quotient space X(D 1 + D 2 ). By construction, it commutes with the K * -action on X(D 1 + D 2 ), and the canonical morphism
Note that for the case of a pair of linearized Cartier divisors, our definition of the linearized sum corresponds to the usual tensor product of linearized line bundles, and the notion of isomorphism is the usual one. 
Observe that the kernel of the forgetting homomorphism Cl G (X) → Cl(X) consists precisely of the linearizations of the trivial bundle. Finally, by the above proposition, we may generalize the usual concept of GIT-equivalence to the setting of Weil divisors. Definition 1.11. We say that two G-linearized divisor classes in Cl G (X) are GITequivalent if they define the same set of semistable points.
The affine case
In this section, we study the collection of sets of semistable points arising from the possible linearizations of the trivial bundle over an affine variety with a torus action. We provide a simple direct proof for the fact that this collection is in order reversing bijection to a (quasi-)fan subdividing the weight cone of the action.
This result may be viewed as an affine version of [19] . It is well known for linear torus actions on K n ; in this case, the describing fan is a so-called GelfandKapranov-Zelevinsky decomposition, see [18] .
The precise setup is the following. K is an algebraically closed field, R is a finitely generated integral K-algebra, graded by a lattice M ∼ = Z d :
This grading corresponds to an action of the algebraic torus T := Spec(K[M ]) on the affine variety X := Spec(R). We denote by M Q := M ⊗ Z Q the rational vector space associated to M . Recall that the weight cone of the T -variety X is the convex cone in M Q generated by all w ∈ M admitting a nontrivial homogeneous f ∈ R w :
Since the algebra R is generated by finitely many homogeneous elements, the weight cone Ω T (X) is finitely generated as well, and thus it is a polyhedral cone. Note that Ω T (X) is pointed, i.e., contains no line, if R 0 = K and R * = K * hold.
Definition 2.1. For a point x ∈ X, its orbit monoid is the semigroup consisting of all weights that admit a homogeneous function, which is invertible near x:
The orbit cone of x ∈ X is the convex (polyhedral) cone ω T (x) ⊂ M Q generated by the orbit monoid S T (x).
We collect some basic properties of orbit cones. A first observation is that the orbit cones are not affected by passing to the normalization.
is clear by equivariance. The reverse inclusion follows from considering equations of integral dependence for the homogeneous elements f ∈ O(X ′ ) with f (x ′ ) = 0.
We shall use the orbit cones to describe properties of orbit closures. The basic statement in this regard is the following one. Proposition 2.3. For a point x ∈ X, let T x ⊂ T be its isotropy group, and let M T (x) ⊂ M be the sublattice generated by the orbit monoid S T (x).
(i) The algebraic torus T /T x acts with a dense free orbit on the orbit closure
Proof. The first assertion is obvious, and the second one follows immediately from Lemma 2.2 and the fact that the algebra of global functions of T ·x is the semigroup algebra K[S T (x)] of the weight monoid.
For two polyhedral cones ω 1 and ω 2 in a common vector space we write ω 1 ω 2 if ω 1 is a face of ω 2 . Lemma 2.2 and Proposition 2.3 have the following consequence.
Corollary 2.4. Let x ∈ X. Then the T -orbits in T ·x correspond to the faces of
The following simple observation will replace in our setup the deeper finiteness result on GIT-quotients given in [10] and [22] . Proof. Embed X equivariantly into some K n , on which T acts diagonally. Then the T -orbit cone of a point x ∈ X equals its T -orbit cone w.r. to K n . The T -orbit cones w.r. to K n are constant along the orbits of the standard action of T n := (K * ) n , because this action commutes with that of T . Since T n has only finitely many orbits in K n , the assertion follows.
We now enter the study of the collection of sets of semistable points arising from the possible T -linearizations of the trivial bundle. First of all, let us recall that these linearizations correspond to the characters of T .
Lemma 2.6. Consider a T -linearization of the trivial bundle over X. Then there is a unique w ∈ M such that the dual T -action on X × K is of the form
Proof. The dual action is a fibrewise linear T -action on X × K making X × K → X equivariant. Consequently, there is a morphism c : T × X → K * such that we have
Clearly, we always have c(1, x) = 1. Thus, for fixed x, the map t → c(t, x) is a homomorphism. Hence, by rigidity of tori, c does not depend on x.
In the sequel we shall denote by X ss (w) ⊂ X the set of semistable points defined by the linearization 2.6.1. It can be explicitly described in terms of homogeneous functions and also in terms of orbit cones.
Lemma 2.7. The set X ss (w) ⊂ X of semistable points of the linearization 2.6.1 is given by
In particular, the set of semistable points X ss (w) is nonempty if and only if w ∈ Ω T (X) ∩ M holds.
Proof. As indicated in Remark 1.7 the invariant sections for the linearization 2.6.1 are precisely the functions f ∈ R nw with n ∈ Z ≥0 . This gives the first equality. The second one is a direct consequence of the definition of an orbit cone, and the last statement is obvious.
As outlined in Section 1, the set X ss (w) is T -invariant, and it admits a good quotient X ss (w) → Y (w) by the action of T . In fact, the quotient space Y (w) = X ss (w)/ /T is the homogeneous spectrum of a Veronese subalgebra:
In particular, every quotient space Y (w) is projective over
Note that the induced map ϕ The collection of all nonempty sets X ss (w) together with their good quotients X ss (w) → Y (w) and the above diagrams is called the GIT-system associated to the trivial bundle on the T -variety X. Let us turn to the combinatorial description of this GIT-system. We introduce a collection of convex, polyhedral cones. Definition 2.8. For a weight w ∈ Ω T (X) ∩ M , the associated GIT-cone is the (nonempty) intersection of all orbit cones containing w:
Moreover, the collection of all the possible GIT-cones defined by the action of T on X is denoted as
Note that, for us, GIT-cones are closed cones, and thus they are not chambers in the sense of [19] . A first important observation is that the GIT-cones are in order reversing one-to-one correspondence with the possible sets of semistable points arising from the various linearizations of the trivial bundle.
Proof. This is an immediate consequence of the definition of the GIT-cones and the characterization of semistability in terms of orbit cones given in Lemma 2.7
This proposition allows us to speak about the set of semistable points corresponding to a GIT-cone σ ∈ Σ T (X): we set X ss (σ) := X ss (w), where σ = σ T (w).
Lemma 2.10. The set of semistable points associated to a GIT-cone
We now come to the main result of this section. Together with Proposition 2.9, it describes the structure of the collection of sets of semistable points associated to the linearizations of the trivial bundle as a partially ordered set.
A quasifan is a finite collection Σ of (not necessarily pointed) convex, polyhedral cones in a common vector space such that for σ ∈ Σ also all faces of σ belong to Σ, and for any two σ, σ ′ ∈ Σ the intersection σ ∩ σ ′ is a face of both, σ and σ ′ . A quasifan is called a fan if it consists of pointed cones. The support of a quasifan is the union of its cones.
Theorem 2.11. The collection of all GIT-cones Σ T (X) is a quasifan in the vector space M Q having the weight cone Ω T (X) as its support.
In the proof of this result, we need a further basic property of the GIT-cones, also needed later. For a convex polyhedral cone σ, we denote its relative interior by σ
• , that means that σ • is obtained by removing all proper faces from σ.
Proof. For any orbit cone ω T (x) with w ∈ ω T (x), there is a unique minimal face ω ω T (x) with w ∈ ω. This face satisifies w ∈ ω • . According to Corollary 2.4, the face ω ω T (x) is again an orbit cone. This gives the first formula. The second one follows from an elementary observation: if the intersection of the relative interiors of a finite number convex polyhedral cones is nonempty, then it equals the relative interior of the intersection of the cones.
Proof of Theorem 2.11. First of all note that, by finiteness of the number of orbit cones, as shown in Proposition 2.5, the collection of all GIT-cones is finite.
The further proof is split into verifications of several claims. For the sake of handy notation, we set for the moment Ω := Ω T (X) and Σ := Σ T (X). Moreover, we omit the subscript "T " when denoting orbit cones and GIT-cones, and we write X(σ) instead of X ss (σ).
Claim 1.
Let σ 1 , σ 2 ∈ Σ with σ 1 ⊂ σ 2 . Then, for every x 1 ∈ X(σ 1 ) with σ
• , there exists an x 2 ∈ X(σ 2 ) with ω(x 1 ) ω(x 2 ).
Let us verify the claim. By Proposition 2.9, we have X(σ 2 ) ⊂ X(σ 1 ). Consequently, the GIT-system provides a commutative diagram with a dominant, proper, hence surjective morphism ϕ : Y (σ 2 ) → Y (σ 1 ) of the quotient spaces:
• , then, by Lemma 2.10 and Corollary 2.4, its T -orbit is closed in X(σ 1 ). Proposition 1.2 (ii) thus tells us that x 1 ∈ T ·x 2 holds for any point x 2 belonging to the (nonempty) intersection X(σ 2 ) ∩ p
). Using once more Corollary 2.4 gives Claim 1.
For the verification, let τ 2 σ 2 be the (unique) face with σ
, and let ω 1,1 , . . . , ω 1,r be the orbit cones with σ
Then we obtain, using Lemma 2.12 for the second observation,
By Claim 1, we have ω 1,i ω 2,i with orbit cones ω 2,i satisfying σ 2 ⊂ ω 2,i , and hence τ 2 ⊂ ω 2,i . The first of the displayed formulas implies τ 2 ⊂ ω 1,i , and the second one thus gives τ 2 = σ 1 . So, Claim 2 is verified.
Claim 3. Let σ ∈ Σ. Then every face σ 0 σ belongs to Σ.
To see this, consider any w ∈ σ • 0 . Lemma 2.12 yields w ∈ σ(w)
• . By the definition of GIT-cones, we have σ(w) ⊂ σ. Claim 2 gives even σ(w) σ. Thus, we have two faces, σ 0 and σ(w) of σ having a common point w in their relative interiors. This means σ 0 = σ(w), and Claim 3 is verified.
Claim 4. Let σ 1 , σ 2 ∈ Σ. Then σ 1 ∩ σ 2 is a face of both, σ 1 and σ 2 .
Let τ i σ i be the minimal face containing σ 1 ∩ σ 2 . Choose w in the relative interior of σ 1 ∩ σ 2 , and consider the GIT-cone σ(w). By Lemma 2.12 and the definition of GIT-cones, we see
By Claim 2, the second relation implies in particular σ(w) σ i . Hence, we can conclude σ(w) = τ i , and hence σ 1 ∩σ 2 is a face of both σ i . Thus, Claim 4 is verified, and the properties of a quasifan are established for Σ T (X).
A semistability criterion
We present a combinatorial description of the set of semistable points associated to a linearized Weil divisor. By X we denote a normal projective variety with finitely generated free divisor class group Cl(X), and we consider the action T × X → X of an algebraic torus T = Spec(K[M ]) on the variety X.
The total coordinate ring R(X) of the variety X is defined as follows: choose a subgroup K ⊂ WDiv(X) of the group of Weil divisors such that the canonical map K → Cl(X) is an isomorphism, and set
where
This ring depends only up to isomorphism on the choices made in its definition. An important property of the total coordinate ring R(X) is that it is a factorial ring, see [1] and [11] . Throughout this section, we assume that R(X) is finitely generated as a Kalgebra. We consider the following geometric objects associated to the K-graded sheaf R of O X -algebras:
So, X refers to the relative spectrum of R. Recall that there is a canonical morphism q X : X → X. We list some basic properties of this setting, which will be frequently used in the subsequent constructions and proofs, compare also [3] .
Proposition 3.1. Let H, X, X and q X : X → X be as before. Then the following statements hold.
(i) The K-grading of R defines an action of the torus H on X, and q X : X → X is a good quotient for this action. (ii) The K-grading of R(X) defines an action of the torus H on X, and the canonical map X → X is an equivariant open embedding.
There exists a T -action on X, commuting with the H-action on X such that X ⊂ X is T -invariant and q X : X → X is T -equivariant.
Proof. We begin with a basic observation. Let D ∈ K and f ∈ Γ(X, O(D)) be such that X \ Z(f ) is affine. Then there are the following identities of global functions:
Since we have K = Cl(X), the variety X is covered by such affine sets X \ Z(f ). Thus, we see in particular that R is locally of finite type and X is a variety.
The first assertion is then obvious. In the second one, only the claim that X → X is an open embedding needs some explanation. By the above identities, each affine subset q
is an open embedding. Moreover, Assertion (iii) drops out as well.
The fourth assertion is due to a further identity of global functions: it follows from the fact that Γ(X reg , R) equals Γ(X, R).
To verify Assertion (v), suppose first that q X (x) ∈ Z(f ) holds for a section f ∈ Γ(X, O(D)). Then f restricts to an invertible section of R over a suitable neighbourhood U ⊂ X of q X (x). Consequently, f is invertible as a function on q
Conversely, let f (x) = 0 for f ∈ Γ(X, O) D . Consider the orbit H · x, and the zero set B := N (f, X). By Proposition 1.2 (i), the image q X (B) ⊂ X is closed and does not contain q X (x). Hence, for a suitable neighbourhood U ⊂ X of q X (x), we see that f is invertible as a function on q −1 X (U ), and hence it is so as a section of R over U . This implies q X (x) ∈ Z(f ).
So, we are left with verifying the last statement. By [13] , there is a T -linearization of the group K ⊂ WDiv(X) over X reg ⊂ X. In other words, we may lift the Taction to q −1 X (X reg ). By the first assertion, the complement X \ q −1 X (X reg ) is of codimension at least two in X. Hence the lifted T -action extends to X.
For the remainder of this section, we fix a lifting of the T -action to X as in Proposition 3.1 (vi). In terms of multigraded rings, this means that we have a refinement of the K-grading:
We
We observe that then D inherits in a canonical way an (H × T )-linearization. In fact, consider the cartesian square
Viewing the upper left space as a fibre product q −1 X (X reg ) × Xreg X reg (D reg ), one defines an (H × T )-action on it by letting H act on the first factor and letting T act diagonally. Since X is locally factorial, X(D) → X is a bundle, and thus, by Proposition 3.1 (iv), the (H × T )-action extends to the desired linearization of D. 
. Thus, Proposition 3.1 (iii) and the definition of semistability give the desired statement.
Lemma 3.3. As a (H × T )-linearized divisor, D is isomorphic to the trivial bundle with an (H × T )-linearization, and there is a unique w ∈ M such that the corresponding dual action is given as
Moreover, the assignment D → (D, w) induces an isomorphism Cl T (X) → K ⊕ M from the group of T -linearized divisor classes on X to the character lattice of the torus H × T .
Proof. Consider the set X reg ⊂ X of nonsingular points, and the restriction D reg of D to X reg . Then, over the sets U i ⊂ X reg of a suitably fine open cover, the sheaf O(D reg ) is generated by invertible elements
The line bundle π : L → X reg with the transistion functions ξ ij := f j /f i is the dual bundle of X reg (D reg ) → X reg ; it comes with the dual T -action and with canonical trivializations
The pullback line bundle q *
X L equals the pullback linearization, and is of the form (h, t)·(x, v) = (t·h·x, t·v).
We claim that q * X L is H-equivariantly isomorphic to the trivial bundle, Hlinearized by the character χ D ; this follows from the fact that the functions
Using Proposition 3.1 (iv), we can extend this to a global trivialization of the dual bundle of D. This proves the first part of the assertion.
For the second part, note first that H acts freely on q −1 X (X reg ), because locally on X reg all divisors D ∈ K are principal, and hence, locally any point of q −1 X (X reg ) has K as its weight monoid. Moreover there is a commutative diagram
having exact rows. Since H acts freely on q −1 X (X reg ), we infer from [16, Proposition 4.2] that the right hand side pullback is an isomorphism. Consequently, also the pullback in the middle of the above diagram must be an isomorphism.
The assertion thus follows from the fact that we have canonical isomorphisms Cl T (X) ∼ = Pic T (X reg ) and Cl H×T (X) ∼ = Pic H×T (q −1 X (X reg )), where the latter relies on Proposition 3.1 (iv).
Via the isomorphism [D]
→ (D, w) just established, we shall identify from now on the T -linearized divisor classes on X with the elements on K ⊕ M . We denote the corresponding sets of semistable points by
We are now ready to begin with the combinatorial characterization of semistability. It involves two fans; namely the collections of GIT-cones Σ H×T (X) and Σ H (X) for the actions of H × T and H on X. These collections are actually fans, because, by [3, Proposition 4.3] , the weight cones Ω H×T (X) and Ω H (X) are pointed. Let κ X ∈ Σ H (X) be the GIT-cone corresponding to X ⊂ X, which, by projectivity of X, is a set of H-semistable points. Moreover, let Π : K ⊕ M → K denote the projection. We consider the following collections of orbit cones:
• },
where σ ∈ Σ H×T (X) may be any GIT-cone. The geometric meaning of these collections is that they describe the collection of closed orbits in the respective sets of semistable points:
, let x ∈ X, and consider the orbit cone ω H×T (x). Proof. First note that for any orbit cone ω H×T (x), the image Π(ω H×T (x)) equals the orbit cone ω H (x). Thus, the collections C T (X) and C T (σ) describe the orbits of H in X = X ss (κ X ) and H × T in X ss (σ) having minimal orbit cones. The assertions hence follow from Corollary 2.4.
Our characterization of semistability is formulated in terms of the above collections of orbit cones: 
, and thus, since q
, we may consider any point y in the (H × T )-orbit closure of x having a closed (H × T )-orbit in q −1 X (X ss (D, T )). According to Corollary 2.4, the orbit cone ω := ω H×T (y) is a face of ω H×T (x) and, by the preceding consideration, ω belongs to C T (X) ∩ C T (σ).
We turn to the inclusion "⊃". First consider a point x ∈ X such that ω H×T (x) belongs to C T (X) ∩ C T (σ). Then we have
Moreover, by Lemma 3.4, the orbit H ·x is closed in X, and the orbit (H × T )·x is closed in X ss (D, H × T ).
By a repeated shrinking procedure, we shall now construct a neighbourhood of q X (x) ∈ X as required in Definition 1.5. First, note that the definition of semistability for the linearized divisor D provides an f ∈ Γ(X, O), homogeneous of weight (nD, nw) with some n ∈ Z >0 , such that we have
Consider the complement B 1 := X f \ X. This is an (H × T )-invariant closed subset of X f disjoint from (H × T )·x. By Proposition 1.2 (i), the good quotient
separates x and B 1 . Thus, we can choose an (H × T )-invariant function f 0 ∈ Γ(X f , O) satisfying f 0 | B1 = 0 and having no zeroes in (H × T )·x.
For a suitable k ∈ Z >0 , the product g := f 0 f k is a T -invariant element of Γ(X, O(knD)). Since H ·x is closed in X, Proposition 3.1 (v) yields
This is an (H × T )-invariant closed subset of X g disjoint from (H × T )·x. Similarly as before, we can choose an (H ×T )-invariant function g 0 ∈ Γ(X g , O) satisfying g 0 | B2 = 0 and having no zeroes in (H × T )·x.
Once more, for a suitable l ∈ Z >0 , the product h := g 0 g l is a T -invariant element of Γ(X, O(lknD)). This time we have
We claim that even q −1 X (X \ Z(h)) = X h holds. Assume, to the contrary, that there exists a point y ∈ X h with q X (y) ∈ Z(h). Note that the orbit closure in X satisfies H ·y ⊂ q
X (X \ Z(g)). Consider any y 0 ∈ H ·y such that H ·y 0 is closed in X. By the above observation, q X (y 0 ) ∈ Z(g) holds. Proposition 3.1 (v) thus yields g(y 0 ) = 0. By assumption, we have q X (y 0 ) = q X (y) ∈ Z(h).
Applying again Proposition 3.1 (v) gives h(y 0 ) = 0, and thus g 0 (y 0 ) = 0. Since g 0 is an H-invariant function, this means g 0 (y) = 0. Thus, we obtain h(y) = 0, which is in contradiction to y ∈ X h . Having seen that q −1 X (X \ Z(h)) = X h holds, we easily obtain the rest: the element h ∈ Γ(X, O(lknD)) is T -invariant and defines an affine neighbourhood X \ Z(h) = X h / /H of the point q X (x) ∈ X as required in Definition 1.5. This shows that the point x belongs to q −1 X (X ss (D, T )). If x ∈ X is an arbitrary point belonging to the right hand side set of the equation in the assertion, then Corollary 2.4 tells us that the face ω ω H×T (x) with ω ∈ C T (X) ∩ C T (σ) is the orbit cone of some point y belonging to the (H × T )-orbit closure of x. By the preceding consideration, we have y ∈ q −1
Even in the case of a trivial torus action, Theorem 3.5 is of some interest: it then provides a description of the cone of ample divisors of the variety X, compare also [3, Theorem 7.3] .
Corollary 3.6. The cone of ample divisor classes on X is the relative interior κ
Proof. Consider the action of the trivial torus T = {e T } on X. Then, for any x ∈ X, we have ω H×T (x) = ω H (x). Moreover, the fans Σ H×T (X) and Σ H (X) coincide. Any divisor D ∈ K is T -linearized, and D ∈ K is ample if and only if X ss (D) = X holds. The latter is equivalent to q 
As an explicit example, one may take X = P 1 × P 1 and D = P 1 × {0}.
The general case
In this section, we present the main results of the paper. As in the preceding section, X is a normal projective variety with finitely generated total coordinate ring R(X), and the algebraic torus T = Spec(K[M ]) acts on X. We give a combinatorial description of the collection of sets of semistable points associated to the T -linearized Weil divisors on X.
Recall from the preceding section that X is a good quotient of an open subset X of the affine variety X = Spec(R(X)) by the torus H = Spec(K[K]) corresponding to the grading lattice K ∼ = Cl(X) of R(X). As before, we fix a lifting of the T -action to X; this corresponds to the choice of a refined grading
As observed in Lemma 3.3, the degrees (D, w) ∈ K ⊕ M describe the possible T -linearizations of the divisors D ∈ K. Again, we denote by κ X ∈ Σ H (X) the GITcone corresponding to X ⊂ X. Moreover, Π : K ⊕ M → K denotes the projection, and we use the collection of cones
We first have to figure out the linearized divisor classes with a nonempty set of semistable points. For that purpose, consider the set The collection of all these GIT-bags is denoted by Λ T (X). For µ 1 , µ 2 ∈ Λ T (X), we write µ 1 ≤ µ 2 if for any ω 2 ∈ C T (X) with µ
there is a face ω 1 ω 2 with ω 1 ∈ C T (X) and µ
Note that every GIT-bag is a union of GIT-cones of the GIT-fan Σ H×T (X) in K ⊕ M corresponding to the (H × T )-action on X. Moreover, the relation "≤" clearly is a partial ordering on Λ T (X). We shall now see that the partially ordered set of GIT-bags describes precisely the GIT-equivalence:
Proof. We shall make repeated use of the combinatorial characterization of semistability given in Theorem 3.5. For this, let σ 1 , σ 2 ∈ Σ H×T (X) denote the GIT-cones associated to (D 1 , w 1 ) and (D 2 , w 2 ), respectively. Moreover, set We shall now use the description of the collection of sets of semistable points in terms of GIT-bags in order to study basic properties of the corresponding system of quotients. The first statement is the following characterization of saturated inclusion by means of GIT-bags.
Proof. We begin with a preparatory observation, characterizing closedness of a given T -orbit in the set X ss (D i , w i ).
Claim. Consider points x ∈ X ss (D i , w i ) and x ∈ W i := q
that q X ( x) = x holds, and H · x is closed in X. Then T ·x is closed in X ss (D i , w i ), if and only if (H × T )· x is closed in W i .
Let us verify the claim. The "if" part is clear. So, let T·x be closed in X ss (D i , w i ). Assume that the complement
is nonempty. Then Proposition 1.2 (ii) tells us that x ∈ q X (Y ) holds. On the other hand, we have
Since q X (Y ) is T -invariant, and we assumed T·x to be closed, this is a contradiction. Thus, the claim is verified. We come to the proof of the theorem. First, suppose that
We then have to show
Consider 
A a consequence, we can describe the qp-maximal T -sets of X; these are by definition open T -invariant subsets U ⊂ X that admit a good quotient U → U/ /T such that U/ /T is quasiprojective and U does not occur as a T -saturated subset of some properly larger U ′ ⊂ X admitting a good quotient
Then the sets of semistable points associated to the µ 0 ∈ Λ 0 T (X) are precisely the qp-maximal T -sets of X. Proof. By Proposition 1.6 every qp-maximal T -set is the set of semistable points of a T -linearized Weil divisor on X. Thus, the assertion follows from Theorem 4.4.
As the examples discussed in the last section of the paper show, there may exist qp-maximal open subsets having a non-complete quotient, though X is assumed to be complete. For the subcollection of GIT-bags defining projective quotient spaces, we obtain a quite simple picture. Proposition 4.6. Consider the following subcollection of the collection Λ T (X) of all GIT-bags:
X) if and only if the corresponding set of semistable points has a projective quotient space.
(ii) For any µ ∈ Λ pr T (X), we have µ ∈ Σ H×T (X), and for any two
Proof. Consider a GIT-bag µ = µ(D, w) and the GIT-cone σ := σ H×T (D, w). If we have µ ∈ Λ pr T (X), then the definition of GIT-bags and Lemma 2.12 yield µ = σ, which is the first part of assertion (ii). Moreover, Theorem 3.5 yields
, we infer from the above equation that X ss (D, w)/ /T is projective. Thus, the "only if" part of assertion (i) is verified.
To see the "if" part of (i), suppose that the quotient space
. Consequently, Theorem 3.5 gives
for all x ∈ X. By the definition of a GIT-bag, this shows µ = σ. Applying once more the above implication, we obtain µ ∈ Λ pr T (X). So, the proof of assertion (i) is complete.
To conclude the proof of (ii), we have to relate two GIT-bags µ 1 , µ 2 ∈ Λ pr T (X). If µ 1 ≤ µ 2 holds, then we obviously have µ 1 ⊂ µ 2 . Since µ 1 and µ 2 are cones of the fan Σ H×T (X), we have µ 1 µ 2 . Conversely, µ 1 µ 2 implies X ss (µ 1 ) ⊃ X ss (µ 2 ).
Since we have X ss (µ i ) = q
The last assertion is easy to see. Let
Let us indicate, how the description of the GIT-equivalence for linearized ample bundle classes given in [10] and [19] fits into the present framework. For this, recall from Corollary 3.6 that κ 
, and hence Theorem 4.3 gives the assertion.
The preceding two propositions allow to rediscover the fan structure inside the T -ample cone described in [10] and [19] . The T -ample cone is defined as the cone of generated by the T -linearized ample divisor classes having a nonempty set of semistable points, and it is given by 
The Q-factorial case
The setup and the notation in this section are the same as in the preceding one. We study the partially ordered collection of qp-maximal T -sets in terms of GITbags for the case of a Q-factorial variety X; recall that Q-factoriality means that X is normal, and that for every Weil divisor on X, some positive multiple is Cartier.
According to Theorem 4.3 and Proposition 4.5, the qp-maximal subsets of X are in order reversing bijection with the GIT-bags in Λ 
As a direct application of Theorem 5.1, we note the following statement on the structure of the collection of all qp-maximal T -sets of X as a partially ordered set.
Corollary 5.2. Assume that X is Q-factorial. Then, for any two qp-maximal Tsets U 1 , U 2 ⊂ X, the collection of qp-maximal T -sets U ⊂ X with (U 1 ∪ U 2 ) ⊂ U is either empty, or it contains a unique minimal element.
Proof. Let U 1 , U 2 arise from GIT-bags µ 1 , µ 2 ∈ Λ 0 T (X), and consider the collection of all GIT-bags that define sets U ⊂ X of semistable points comprising U 1 ∪ U 2 :
Suppose that Γ = ∅ holds. Then Theorem 5.1 gives µ 1 ∩ µ 2 ∈ Γ and µ 0 ≤ µ 1 ∩ µ 2 for any µ 0 ∈ Γ. Hence, the set X ss (µ 1 ∩ µ 2 ) is as desired.
The key to the results in the Q-factorial case is the following observation on the ample cone of the variety X. Proof. The statement follows from the well known fact that κ X is of full dimension in the vector subspace K C Q ⊂ K Q generated by the Cartier divisors, see [15] . For the proof of Theorem 5.1, we need a couple of preparatory observations. The first one holds as well for not necessarily Q-factorial varieties X.
Lemma 5.5. Assume that X is Q-factorial, and consider two orbit cones ω := ω H×T (x) and ω 0 := ω H×T (x 0 ) of the (H × T )-action on X satisfying ω 0 ω.
Proof. Recall that ω 0 ∈ C T (X) merely means κ
• . The statement thus follows from the fact that κ X is of full dimension.
Proof. Let σ 0 σ be the face with σ
Then also σ 0 is a GIT-cone, and thus we have σ 0 ⊂ ω 0 .
By Lemmas 2.10 and 3.4, any x 0 ∈ X with ω H×T (x 0 ) = ω 0 belongs to X ss (σ 0 ), and it has a closed (H × T )-orbit inside this set. So, fix such a point x 0 , and consider the commutative diagram
Since the induced map of quotients is projective and dominant, it is surjective. Thus, there is a point x ∈ X ss (σ) lying in the same fibre as x 0 , and we may even choose x such that its (H × T )-orbit is closed in X ss (σ).
Consider ω := ω H×T (x). Lemma 3.4 yields σ • ⊂ ω • . Moreover, by Proposition 1.2 (ii), x 0 lies in the closure of the orbit (H × T )·x. Hence, Corollary 2.4 gives ω 0 ω. Lemma 5.5 then implies ω ∈ C T (X), and hence ω is as desired.
Proof of Theorem 5.1. We first verify the following three claims, and then put them together to obtain the statements of the theorem.
T (X) such that µ 1 ⊂ µ 2 holds. Then we have µ 1 µ 2 . To verify this claim, let ν 1 µ 2 denote the face with µ
Since µ 2 is a union of cones of the fan Σ H×T (X), the cones τ 1,k ∈ Σ H×T (X) with τ
Since also µ 1 is a union of some of the cones τ 1,k , at least one of them, say τ 
be a cone such that τ 1,0 σ 1,0 and σ
hold. Then, according to Lemma 5.6, there exists an orbit cone ω = ω H×T (x) with the following properties:
The last inclusion implies µ To proceed, note that there exists a GIT-bag
In order to verify µ 1 ≤ µ 2 , consider ω 2 ∈ C T (X) with µ imply ω 1 ω 2 . This shows µ 1 ≤ µ 2 . Similarly, to see µ 2 ≤ µ 3 , consider ω 3 ∈ C T (X) with µ • . Note that ω 1 ω 2 holds. Now, µ 1 ≤ µ 3 implies ω 1 ∈ C T (X). By Lemma 5.5, this gives ω 2 ∈ C T (X). Hence, we can conclude µ 2 ≤ µ 3 , and Claim 3 is proved.
We come to the assertions of the theorem. For the first one, note that µ 1 ≤ µ 2 implies µ 1 ⊂ µ 2 , Thus, Claims 1, 2 and 3 give the desired statements. In the second assertion, the case µ 1 = µ 2 is trivial, and hence we may assume that µ 1 = µ 2 holds. Then Lemma 5.4 gives µ
Moreover, since µ 0 ≤ µ i implies µ 0 ⊂ µ i , and hence, Claim 1 tells us that µ 0 µ i holds.
Consider the faces ν 1 µ 1 and ν 2 µ 2 with (
This in turn implies µ 1 ∩ µ 2 = ν 1 . Thus, µ 1 ∩ µ 2 is a face of µ 1 and of µ 2 , and we have
We conclude this section with a characterization of the geometric GIT-quotients in terms of their describing GIT-bags in the case of a Q-factorial variety X. We obtain it as a consequence from the following more general statement.
, and consider the associated GIT-bag µ(D, w). Then the following statements are equivalent: • . This gives the assertion.
As an immediate consequence of Proposition 5.3, this characterization of geometric quotients breaks down in the Q-factorial case to the following. 
Examples
In this section, we present a couple of examples. Firstly, we discuss a quite simple example, a K * -action on a Hirzebruch surface, showing that the intersection of two GIT-bags need not be a GIT-bag. Secondly, we treat an "exotic orbit space" found by A. Bia lynicki-Birula and J.Świȩcicka in [6, Example 3] ; this is a projective geometric quotient that does not arise from an ample bundle. Finally, we present a non-complete qp-maximal quotient of a smooth projective variety.
All our examples are subtorus actions on toric varieties X. As this setup might be of interest for further examples, we briefly explain the general procedure to obtain the necessary data for the study of the GIT-equivalence. A toric variety X arises from a fan ∆ in the lattice N X of one parameter subgroups of the big torus T X ⊂ X, see [12] . As before, we suppose that X is projective, and that its divisor class group Cl(X) is free.
The group Cl(X) is generated by the classes of the invariant prime divisors D 1 , . . . , D r on X, which in turn correspond to the rays, i.e, the one-dimensional cones, ̺ 1 , . . . , ̺ r of ∆. By [9] , the total coordinate ring R(X) is a polynomial ring in r indeterminates, and thus we have X = K r for the corresponding spectrum. In terms of fans, the subset X ⊂ X is obtained as follows: let v 1 , . . . , v r ∈ N X denote the primitive lattice vectors generating the rays of ∆, set F := Z r and consider the linear map P : F → N X sending the i-th canonical base vector e i ∈ F to v i ∈ N X . The fan of X then consists of faces of the positive orthant δ ⊂ F Q :
Moreover, the torus H = Spec(K[Cl(X)]) acting on X is the subtorus of (K * ) r having L := ker(P ) as its lattice of one parameter subgroups. The canonical map q X : X → X is the toric morphism corresponding to the map P : F → N X of the fans ∆ X and ∆ X . Observe that the map P : F → N X determines a pair of exact sequences, which are mutually dual to each other:
r is as well determined by its weight map Q : E → K. The weight cone of the H-action is given by Ω H (X) = Q(γ), where γ ⊂ E Q is the positive orthant. The fan Σ H (X) is the so-called Gelfan-KapranovZelevinsky decomposition of the cone Q(γ), that means that it is the coarsest common refinement of all the images Q(γ 0 ), where γ 0 γ, compare [18] .
The GIT-cone κ X ∈ Σ H (X) corresponding to X ⊂ X can be calculated as follows, compare [2, Theorem 10.2]: consider the maximal cones δ 0 δ of the fan ∆ X , and determine the corresponding faces γ 0 = δ ⊥ 0 ∩ γ of γ. Then κ X is the intersection over all the images Q(γ 0 ). Recall from Corollary 3.6 that the relative interior of κ X is the cone of ample divisors of X. Now suppose that T ⊂ T X is a subtorus of the big torus of X. Then T ⊂ T X corresponds to a sublattice N T ⊂ N X . The lifting of the T -action to the affine multicone X corresponds to an embedding N X → F with N X ∩ L = 0. By fixing a lifting of the T -action, we thus decorated the exact sequence comprising the map P : F → N X in the following sense:
In order to determine the (H × T )-orbit cones and the fan Σ H×T (X), we have to dualize the above commutative diagram. The result is the following one:
Then the orbit cones of the (H × T )-action on X are precisely the images Q(γ 0 ), where γ 0 γ with γ ⊂ E Q being the positive orthant.
Moreover, the fan Σ H×T (X) is the coarsest common refinement of all the orbit cones Q(γ 0 ). Finally, the collections C T (X) and C T (σ) for σ ∈ Σ H×T (X) can now be directly computed according to their definitions, and thus it becomes possible to determine the collection of GIT-bags.
For the computation steps just outlined, it is most convenient to use suitable computer programs. For example, we provide a (free) Maple-Package TorDiv doing all the basic computations needed, see [4] . In the following examples, we will therefore omit the computations, and just show their results. Note that the first cone equals κ X . Similarly, denoting by w i the i-th column of Q, the maximal cones of Σ H×T (X) are σ 1 := cone( w 2 , w 3 , w 4 ), σ 2 := cone( w 1 , w 2 , w 4 ), σ 3 := cone( w 1 , w 3 , w 4 ).
All three cones are GIT-bags, and they even belong to Λ 0 T (X). Note that σ 1 and σ 2 have a 2-dimensional face in common, but there is no element in Λ 0 T (X) which is smaller then σ 1 and σ 2 . as the primitive generators of its rays, and it has precisely four full-dimensional cones, namely:
cone(w 1 , w 2 , w 3 , w 4 , w 5 , w 6 ), cone(w 1 , w 2 , w 3 , w 7 , w 5 , w 6 ), cone(w 1 , w 2 , w 3 , w 4 , w 8 , w 6 ), cone(w 1 , w 2 , w 3 , w 7 , w 8 , w 6 ).
It turns out that these cones are precisely the GIT-bags of full dimension. Proposition 5.7 thus tells us that there are precisely four different geometric quotients arising from linearized bundles. Moreover, by Proposition 4.6, the associated quotient spaces are projective. Finally, Proposition 4.7 yields that the second one of
